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SUY['ARY

Analytical flutter studies were made for a two-

d_,-menslonal fuel-loaded wing model, and the results _re com-

pared with ex_)erimental results for bending-to-torsion

frequenc F ratios near I. Water, simulating fuel, was

carried externally in a geometric_!]y scaled standard air-

plane fuel tank that was pylon-mounted a dlst_nce of _foout :_

two and one-half times the tank radius beneath the wing.

Some experlment_l results have been reported previously.
0

i_k

The calculated flutter speed results agreed well w_th

experimental flutter speeds and flutter speed trends when : :_ _

the analysis employed effective values for the mass and mass

moment of _nertla togetherwifih slender-body air forces on

_=_
the external tank, and when the combined structur_! and

fluid damping w_s considered to be zero. However, use of

even the smaller of the t'_o damping coefficients in tr&nsl_,-

tlon or pitch at zero qlrspeed resulted In poorer _greement _::: _:_

bet;een theory and experiment.



CHAPTER I

I:,_RODUC T IO N

_en___er___lrem____ark__ss. Problems of aircraft performance,

stability, and control c_,n be said to fall into o_e of two

broad categories. One of these is the older study of the

behavior of the aircr_,ft and its various ,components in steady

or quasi-steady motion, in which only the action of aero-

dynamic forces on rlgld-body structures is considered. The

other c_te_j]ory, which has mushroomed in slze and Importance

In recent years with the rapid developmemts in hlgh-speed

f]ljht, is concerned with problems involving unsteady motion,

wherein the time vari_bie and the el_stlclty of structural

elements must be taken into account.

Occupying a promln_nt poslt!on in the study of

ur_ste_dy phenomena is an Inst_bl]Ity known ss flutter. For

the sake of enllghtening the reader who may be unfamiliar

with this instability, consider an'elastlc body in still air

disturbed from equilibrium by a moment._ry ezternal force.

The resultant response is characterized by harmonic oscilla-

tions which progressively diminish in amplitude at a rate

that is governed solely by the structural damping ch}_racter-

!stlcs of the body. t'Jhen the s_me body is slmilsrly

,_'st,_rbed in a moving slrstream, the o_cillatlons may die

out more quickly due to the retard'
=n_] action caused by the .....

I
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motion of the air across the body, or by what is known as

aerodyr_amlc dampin£. As the air velocity is increased, the

rate of decay of these trr_nsient oscillations is also

increased until, at a certain airspeed, it Is posslb]e for

the rate of decay to reach a maximum. For a further increase

in air velocity the damping rate may decrease and, at some

critical velocity, become zero, at which tlrne the oscilla-

tions _re maintained at constan_ am o]itude.
- .7

A situation of this kind characterizes a conrlitlon of

f]utter, in which the elastic and inertial forces, toEether

with the structural friction forces, of the vlbratln_] body

interact with the oscillating forces of the _Jlr surrounding

the body to produce the motion. It is >os._ible to visualize

such a condition by imagining the aerodynamic and mechanical

forces to be arranEed in the form of a r_Jn_=le as shown in"-- t J _,

the following diagram I which also serves to locate flutter

rel_tive to certain other aircraft problems and fields of

st udy.

] 1- i i7f_

i This concept _as introduced by A. R. Collar in The

_ndlnF___DomEJln of Aeroelastlcit_, Journal of the Royal--

Aeronautical Society, Vo!. Ij, _; 613-656, Aug_ist i_I$6.
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IAerodyn_m
- -[_ forces _ _ _

L f°rces I [ for..cesl

The dashed lines expanding and subdividing the triangle of

forces into other trlancles indlc_te what klnd of forces are

involved _n these problems. Note that flutter lles in the

center of the triangle, since all three types of forces 2 t,re

involved, whereas the other problems, each dependent on Just

t_o types of forces, are located outside the triangle.

In the interaction of the aerodynamic, elastic, and

inertial forces to produce flutter the enercy requlred to

malnt_in the borderline con_[Ition between damped and und_Jmped

oscillations is suppl_ed entirely by the airstream rather

than by any conventional system of externally applied forces.

In th_s sense flutter Is said to be self-excited. Due to

the oscillations, the aerodynamic forces are not, as in the

steady case, slmple functions of circulation (which

2

The structural damping or friction forces,

_orevlously mentioned, are here considered to be part of the

e]astlc forces: for detailed consideration on this matter
see chapter IV and the appendix,



detern_ines the lift on the body) but are instead dependent

on the Inst_.ntaneous pos_t_on of the body (1.4., ansle of

attack to the d_rect!on of the moving alrstream). If the

critical airspeed at which flutter occurs is exceeded, the

aerodynamic forces are capable of overcoming the mechanical

restorin C forces (or elastic forces) stored in the structure

to such an extent as to result in distortion or destr_ction

of the body.

The role of flutter _Jas become particularly con-

spicuous in the development of modern hi_-speed aircraft

which _re elastic bodies of cor_slderable structural

complexity, and in which many types of this instability can

e_Ist. Classical flutter theory for airplanes can treat the

entire _Irplane as an elastic body whose motion is described

by _rany degrees of freedom, or it can be conflned to a por-

tlon of the airplane structure in which as few as two or

t_]ree degrees of freedom may be sufficient to specify the

motion adequately. Of the major alrcr_ft components, those

_hich still continue to receive the greatest attention form

the ilftln S surfaces _nd control surfaces of the airplane.

The flutter of these components involves the coupling of a

l_rge number of degrees of freedom Includlng, principally,

bendlng and torsional motions of a wing or tall surface

together with the motions of their respective control

surfaces °
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_,_Jherebending and torsion are the only freedoms which

interact to produce the motion of a wing (or stabilizer) at

fl_tter, at any instant during the oscillation the torsional

d_spIE, cement from equilibrium lar(s the bending dlsplecement.

This lag in torsional displacement permits an additional

l_ft force rio be felt on every fore and aft strip of the

wlnc, due to the torsional displacement, _t any given bending

displacement during the complete cycle of the coupled

bending-torsion motion. In this manner the _Ing receives

enercF from the _Irstream.

As might be inferred from the foregoing remarks, the

flutt_r char_cterlstlcs of a wing depend larsely on its

mechanical properties. Of prime importance c_re not only the

m_:.gnltudes but also the distrlnutlons of the elastic _nd

Ir_erti_l properties throu_3hout the wing. _'_'Ithregard to tl]e

Inerti_.l propertles, the effects of lumped or concentrated

masses, representing such items ss nncelles, extern_l fuel

tanks, and the llke, h_,ve come to merit special study. This

paper centers its attention on the effects sn external wing

fuel tank of v_rylng mass and moment of inertia can have on
i

classical flexure-torslon flutter.

of th___eeInvesti_tlo_n. It is the intent of

this paper to cor,_pere theoretic21 results with experimental

results obtainrd in the flutter of _ simplified
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two-dimension:,l model wing-tank confii_'uratlon in which w:_,ter,

si,_i11_Itln@ fuel, w_ c_rrled ext_rnally in _ l_rge stream-

lined tank recounted bene_Lth the wln_ on a vertLcel strut, or

}ylon. The investigation is mainly concerned with how

closely flutter speeds can be calculated for this config_ira-

tlon on the basis of effective or average values for the

_ss, mass _oment of inertia, and fluld damplngo In

_dditlon to those _ctlng on the wing, the aerodynamic forces

and moments acting on the tank sre also _ncluled in the

calculations, and the effect of these additional forces and

 omentsca flutt   i e piored  eoo d ryobJocti eof

the project.

___ortsnc____e of _. The occurrence of serious

d_nuamlc instabilities on a nu:_ber of airplane carrying l_rge

quantities of fuel in the wings has stimulated invest_g_Jtions

of the possible effects of the fuel motion on the aeroel_st!c

_engvlor of vhe airplane. Of partlcul_r concern is the case

of fuel c_rrled exter_ally in l_rge streamlined tanks mounted

either in the plane of the wing or on a vertlc_l pylon so as

to be offset from the wing. Inve_tlg_tions of the effect of

fuel motion on aeroel_stlc instabilities _ave made use of

both solid weirgbts _nd fluid to simulate fuel. This d_al

represe_tatlon is i:._Dort_nt because the inertial properties

of the wing with fuel at rest (or imsf_ined frozen) _re known
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to be different from the inertial properties of the win S

with the fuel disturbed by an oscill_tory motion such as

flutter. It is further known that the amount of fluid

effective as mass and m_ss moment of inertia in a tank

undergoing trans!_tor7 and pltching osc_ll_tions is _Tener_lly

less than the _mount of fluid corres_ond!n$ to the m_ss

and moment of inertia of the snme volume of fl_id in the

tank _t rest. The v_lldlty of _eroelas_Ic stadles, such _s

flutter, therefore depends to _ ]_rge e_tent on how well the

dynamic behavior of the fuel is reproduced by means of

effective v'_l_es for the nass and moss moment of inertl_.

Thesis or_anlzation. T}_e next chapter reviews previous

9nd related work, _nd succeeding chapters 1_re devoted to the

subject of the thesis itself. The ezperlmental program Is

considered first in chapter Ill and the theoretical study in

chapter IV. Results and correlation of theory _ith experi-

ment @re discussed in chapter V, and the entire investigation

is summarized in chapter VI. Pertinent details rel_tlng

both to theory and experiment are discussed in an appendix°



CHAPTERII

BACKGROUN_D

The exorbitant fuel requirements of current high-

speed aircraft have forced designers not only to seek out

every available space practicably suited to the location of

fuel within the aircraft structure, but also to create

additional fuel storage in large streamlined bodies mounted

outside the airplane in such places as the wing tips or

beneath the wings on vertical struts or pylons. While the

shapes and sizes of these external stores have met aero-

dynamic and stability design requirements insofar as

possible, the influence of fuel mobility on the alrplane_

dynamic behavior has not, in general, been adequately ....

predictable for design purposes. Rather, instabilities due

to fuel motion have been dealt with as they h_ve arisen in

completed configuratlons.3 These difficulties have led to

8

3 It is here noted that corrective measures for

troubles traceable to flutter have been reported for a number

of airplanes in investigations which have not only contri-

buted knowledge toward a better understanding of the problem -_ --

but have also been' of such a character as to provoke further

inquiry in areas where further work can still be profitably ....
accomplished. The decision to omit specific reference to

these cases in the present paper has therefore not been made

with either the avowed or implied intention of minimizing

their value. But in the interests of national security, ..... _=_
investigations closely linked with most current military and

naval airplanes are of necessity placed beyond the reach of ....

the general reader. Formal citation of this work would,

accordingly, impose a similar restriction on the availability
of the present thesis which does not otherwise need to be so
classified.
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broader studies in which the dynamics of the fuel itself

have been examined ap_rt from the effects of fuel motion on

the dynamic behavior of the alrplsne, or on one of its

structural Components.

A review of theoretical work on fluid d_]amlcs reveals

that the most significant contributions have appeared at

widely separated intervals of time. V;Ithin the past seven

or eight years a number of thecretical studies have been

made of fluid motion in tanks of simple shapes. The favorite

method of attack common to all of these studies has been the

use of simple mechanical analogies to represent the compli-

cated fuel mot lea. The essential elements of nearly all of

these analogies rest on fundamental concepts of potential

flow theory as give n by Sir IIorace Lamb. _ On the basis of

the classic m_thematlcal derlv_tlons of th_s eminent writer,

Graham5 in 1951 presented expressions for the forces pro-

duced by fluid oscillations in a stst_on_ry recta 'nou lnr tank,

in which the fluid is replaced by a fixed mass together with

sn equlw_lent pendulum to represent small oscillations of the

Sir Horace I,smb, Hydrodynamlcs, 6th ed., Dover
Publlc:_tions (New York), I_45.

5 E. N. Graham, The Forces Produced in a R_ctan_r
T_nk, Douglas A_-rcraf_ _o_]_.,-_n-c-_,e_-C--_}_--_}_ ,_-- -
Aor[1 i951.
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free fluid surface. Thls work has been exte_ded in a

subsequent paper 6 In which mathem_tlc_l expres_lons are

developed for the response of fluid in a rectangular tank to

simple har:_onic motions in tr_nslatlon, pitch, and y_w. In

this case t}le eql_valcnt mechr_nlc_l s_stem consisted of a

fixed mass, _nd the free surface dlst:_rbanccs were reore-

seated by a combination of line_r spring-mass oscillators.

Further study of _he use of the equivalent pendu1_n_ ta

represent the fluid's dynamic behavior has been made by
e

Lorel] 7 who has s_lown thls analoL_y to be a good _pproxima-

tlon when the fluid Is forced at freiuencles close to its

n_Jtur_l fundamental frequency.

Whereas feasl le theoretical sol_tlons for the problem

of fl_d mob_lity fall within the domsln of smell oscilla-

tions, experi:nental inquiries h_ve dealt with turbulence _nd

spl_shln g in the se_rch for quantltE_tlve Inform_tion on the

mechanical properties of the fluid. Untl] recent]y, _e_eral

Inform_tlon of this kind had been conspicuously lacking.

Within the _ast flew ?e;_rs thls void has been pr_rt_l]y,

6
E. W. Graham and A. _. Rodrlguez, The Characteristics

of F_el _'otlon W.b_ch Affect Airplane D-_na'_Ics, Doug_-s

Alrcr_flt Co., Inc., Santa _,_onlca, C_lif., Report S_-I_2!2,
November 27, 1951.

7
Jack Lorell, Forces Produced _ Fuel Cscillstlor_s,

Jet Propulsion Laboratory, C_llfornl_ Institute of Technology, .........
Progress Report No. 20-14_, October l_, I_51.
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though substantially, filled in three studies involving the

use of slngle-degree-of-freedom systems. Using two simpli-

fied model beam-tip tank systems, Merten and Stephenson 6

have obtained data on the effective wei:_ht and d_mplng of

sloshing fluid in cylindrical and rectan_,_ular tanks at the

free ends of cantilever beams subjected to bendln S motion.

For a number of different fluids tested, the effects of

fluid density and tank fullness were found to be slgniflcant_

whereas no appreciable effects of fluid viscosity or tank

shape were discernible. Subsequently, Wldms_er and Reese 9

in a similar investigation have measured effective moments

of inertia and have demonstrated nonlinear damping char_cter-

istlcs in tip tanks subjected to pitching oscillations.

These experiments showed the effective fluid moments of

inertia to be essentially independent of tank fullness and

tank size for centrally mounted tanks. In addition, the

ratio of fluid to solid moment of inertia increased with

increasing fineness ratio, closely followln C trends predicted

8
Kenneth F. Merten _nd Bertrnnd H. Stephenson, Some

Effects of Fuel _otlon in Si_!_,]Ifled Modelon Suddenl_ E:_c!_-_d_dln/:_ci-_le_.__-=_ _V_- Ti_ _s
_-_r___ _ ..... _ ..... _ _ .... .... _u_, L/_nj.le_

n ut_cal L_boratory, _ACA TN 27_eptemSer 1752 .

9 Edward WIdm_yer, Jr., and James R. Reese, Moment of

Inertla and _ of Fluid in Tanks "Jnder_Lo___ Pl_ng
Oscillations, L_ngley Aeronautical L_boratory, NACA

_.53E_,--June ll, 1_53.



12

by theoretical solutions for full rectangular and elllpsoldal

tanks.10 Further experlments ll heve shown, amon_._other

thlnss, _ prcmounced effect of tank fullness on the effective

moment of inertia of fluid In pylon-mounted tanks.

The Influencs of fuel mobility on the dynamlcs of the

entire alrplnne has been considered partlcul:.rly important

In both stability end flutter. In an extensive theoretical

stability stL_dy, Schy 12 has derived the general equations of

motion of an airplane carrying fuel in a number of tanks.

The fuel motion Is approxi_.nated by the motion of simple

pendul,_s, and the an_.lTsls was applied both to a current

high-speed slrplane and to a simplified free-flylng model

c_rryln C two large spherical tanks in the fuselage. It was

shown from these calculations that _Irplane motion can be

greatly _.ffected by the ratio of natural fuel frequency to

i0
John W. _411es, An Analo_7 ___ Torslonal Rlgldltl,

Rot;_tlng Fluid Inertiat an--_ Self-Inductance for _ Inflnite

Cylinder. Jeu_nsl of Aero--_utlca_i Sciences, V--_.-_ 5 No c

iI
=,

Jan_es R. Reese and John L. Sewall, Effective

:Cement of Inertia of Fluid In 0fleet, Inclined, and Swept-

Aeron_tu--_T L_borator_, ",IA"-_ " "ZA TN 33_, J,_nu_ry 1955.

12

Albert A. Schy, A Theoretical An__al_Iss of the

Effects of Fuel .Motion on _Ir21_ne Dvnsmics_a NACA T_; _2b0,
Janu'_r_ _ (Suz.)ersed-ed Oy _._AC--AReport---iOn0, iq52. )
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natural airplane frequency pnrt[cularly wr_en tbls frequency

ratio is unity. The possibility that fuel turbulence might

have a stab[llz!n C Influence on the a_rplcne mbtlon is also

discussed. Luskln and Lapinl3 have also studlcd the effects

of fuel on rigid a_rplane st,_blilty by meens of the pendul_n

analogy and have been specifically concerned _;,ith the effects

of fuel on longItudinsl motion of the alrplane.

The effect of fluid oscillation and spl_sh]ns on

flutter has been the object of Investlg_tlons si_llar to

those devoted to trou_le-shootlng but generally of somewhat
e

broader scope, in the sense that t_'ey deal more ,_Ith the

symptoms of flutter treubles and less with the urgent search

for cures of these troubles. These Investlg_tlons have in

common the use of models in which provision has been made

for the variation of significant parameters. One such study

is an experimental investigation of flexure-aileron flutter

on a slmpllfled model wing equipped with an integral t_nk in

which water was used to slmul_,_te fuel. I14- The tank w_is not

eq_llpped with baffles, but the effect of baffles was

15 ;{nrold L._skin and Ellis L_pin, An Anal',t]cal

oach to the P_el Sloshln{_ and Buffeti_ Drob e_-mms of

r r__tht Aircr--F  t Co.. Inc., Ro oort
June i_751.

i_4 O. Scruton, W ln_ _lexure-Alleron Flutter Tests on

a _,'odel _.A.J. _V_n_ T_De _6_. A_u-tl-c-_ Resear_'h CouncT_,
..... .D_.....-_-._ _ _ , ,
R. _nd M. No. -qoO, October i0, 19L_.
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achieved through the use of solid weights whose inertial

properties approximated those of the w_ter. Comparison of

flutter speeds obtained using flluld with those found using

equivalent solid weights indicated fih_t the fluid loading

condition improved the flutter charncteristics, that is,

somewhat higher flutter speeds were obt_Ined. The approach

off the inertial properties of fuel in a highly baffled tank

to the inertial properties of equivalent solid weights has

been demonstrated by Beckley and Johnsonl5 in flexure-torsion

flutter tests on a m<)del wing equipped with a verticslly

offset (or underslung) tip tank, in which the fuel cavity

was divided Into a m_nber of sealed compartments. These

experiments, which also included tests with weights

slmul_ting the fuel as a solid, revealed gradual changes in

flutter speed with variations in the chordwlse location of

the tank and in the amount of fluid, but no appreciable

effect attributable to fuel motion was found. _ore recent

studies by Gayman 16 have embraced a somewhat similar test

program on a semlwing flutter model with v;_rious centrally

15 Lawrence E. Beckley and I{. Clay Johnson, Jr., An

Experimental investi_[_tlon of the Flutter of a T_d a'T'nz
Aith Simul-_[ed _-_--_]_ a-nd T_ Tank. (_'or the

Bureau of Aeronautics, U. S.'-Ngvy),. _assachus---'_tts Institute
of Technology, Contract No. _Oa(s)7493, November 15, 1747.

16
_ William H. Gayman, An Invest_ of the Effect

o_ a V_ryi_ Tip-/;eIcht Distr]-b'u_ on the Fl_-'tter C_

terlstlcs of _- Str_ifi_ _ J_._-al--of_e A'_r--$n'_utlcal --
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mounted tip tanks having slngle-compartment cyllndrlcul fuel

cells. Here, althoagh prsctlcal limitations inherent in the

test apparatus precluded flutter experiments with fluid in

the tanks, the simul_.tlon of fluid inertial properties by

me_18 of lead weights w_s determined on e. r_._tlon_l basis

which wE_s supported by measurements of the pitching moments

of inertia of water in a model fuel cell. The wing was

d$'nemical]y scaled from the _oinC of a current fighter air-

plsne so as to flutter within the speed r_nge of the test

facility used, and the investic_tlon was m_Inly concerned

with the _ntls_metr]c flutter mode. Results of these

flutLer tests with f_Jel simulated In the manner described

_bove reve_led a pronounced effect on flutter speed over a

limited range of fL_el loading for which the r_tio of bending-

to-torsion frequency ratio was very nearly one. In one

series of tests, for e_:mple, the flutter speed was _bruptly

redfaced by rJs much _s 50 per cent for a d_crease in f_el

lo_,dlng from 67 per cent to 56 per cent full.

A slmil_r frequency r_tlo effect has _lso been found

in a r_cent e_perlmental Investigatlonl7 for a two-

di_,ens_on_l wing configuration equipped with a vertic_l

strut or _ylon to which wss mounted, beneath the wing, a

17 James R. Reese, Some Effects of _'lu!d in Pylqn-

Mounted T_nl:s on Flutter, _!_ Aeronautical _L_oratory,
h-53v  0',JuIy 55".
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large streamlined tank that could be filled with fluid or

fitted with solid weights and baffles. The results of these

tests demonstrated the usefulness of certain previous fuel
18

dynamics studies by Showing that when a given volume of

fluid in the tank was replaced by solid bodles whose inertial

properties were equ_l to effective values of these properties -- -

for the same volume of oscillating fluid, the model fluttered .... _

at the same speeds as it did with the fluid. The present

investigation goes one step further by correlating these

experimental flutter results with the results of flutter

c_lculations for all fluid loading Conditions from 0 to

lO0 per cent full. The simplicity of the model and apparatus

tends to isolate the effects of fuel motion on flutter by ....:'_ _

minimizing or ruling out altogether certain co,-
.-plic_ tlng

aer°dy_ Ic _nd structural effects inherently involved in

more realistic wing sffructures. Specifically, the configura.

tion is partlcul_rly well-sulted to the simplest application

of flexure-torsion flutter theory because the assumption of

two-dlmensional air flow over the wing is more fully satis- _

fled and bec_use the structural behavlor of the wing is

simple enough to be adequately represented by Just two ..........

degrees of freedom, namely, vertical translation (slmul_,ting _

bending) and pitch (slmul_tlng torsion).

18 Y,erten end Stephenson, ;_'Idmayer and
Reese and Sewt_ll, o_. tit. Reese, and



CHAPTER III

EXPERI_rE_TAL PROORAM

This investigation was initiated by a series of

experiments designed rio find out how certain properties

_mportsnt in aircraft vibration and flutter were affected by

the erratic, slosbin d motion of fuel loc'_ted In a major

aircraft structurol component, such as the wing. These

experiments were implemented by the use of a simplified two-

dimensional w lng apparstus in which a l_rge streamlined tank

capsble of holding fluid was pylon-mounted beneath a semi-

ri_fiid, untapered wing mounted on bending and torsional

springs lock, ted outside an airstre_m. The vlbr_tory charac-

teristics of the model were measured both in still air and

at airspeed, during flutter, for a complete range of fluid

loadings from e.mpty to full. _ost of the results of the

experimental program have been previously reported 19 and

some of the results needed for correlation with theoretical

results are reported _£ain In this chapter and supported by

s detailed description of pertinent features and details of

the experiments. In addition, some previously unpublished

experimental results of second_ry importance are included.

r

19
Reese, op. cit., see chapter II.

17
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_[ODEL AND APPARATUS

The wlng-tsnk configur[_tlon used in this investigation

is shown in Figure i. Fluid was carried externally in a

geometrically sc_led standard airplane fuel tank that was

pylon mounted a distance of about two and one-half times the

tank radius beneath the wing. The wing Was of aluminum

alloy construction, including a O.052-1nch skin, except for

an internal hardwood core formed to the airfoil contour.
i

The center of_the tank py!on was located above the center of
' = =_:=4 ....

the tank midsection and was f_:stened to the wing through a
i

bracket which permitted chordwise vt_riation of the fore and

aft center-of-gravlty position of the pTlon-tank assembl_

Tables I and II list some additional data for the model.

A schematic view- of the apparatus is shown in

Figure 2. Arrows indlcste the directions of translational

and pitching degrees of freedom restrained by bending

(translational) and torsional (F_itching) springs which were

mounted outside the test section of the Lr:ngley 2- by h-foot

flutter research tunnel. The stiffnesses of one set of

bending and torsional springs were selected so that the

uncoupled wing bendlng-to-torslon frequency r;Jtlos for the

"_odel containing fuel passed through unity with increasing

tank fullness. V_lues for these spring stiffnesses are

_iven In Teble I. A sccond set of' spring "stiffnesses listed
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TABLE I.- CERTAIN MODEL PARAM£TERS

b, rt ....................... o.5
s, ft ....................... 2.0

Airfoil section ............... NACA 65-010
Maximum fuel depth, in .............

Maximum external diameter of tank, In .......
" ent chordXea , per c ...............

_cg, per cent chord

Tank empty ...............

Tank full ............. , .....

k h, ib/ft ....................

ka ft-lb/r_dlan2 "'J_'''.e.,teeeoe

_' , ib-sec2/ft

Tank empty ...................

Tank fu_l ..................

_, ib-sec_/ft

Tank empty ..................
Tank full ......

Za, ft-lb sec 2 ............

Tank empty (_a,0) ................

Tank full ................

fh' cycles per second

Tank empty ...................
Tank full ....................

fa' cycles per second

Tank empty ................. .

Tank full .............. _. .

gh' empty ....................

ga' empty ...............

4.19
4.25
4o

43.9

39.5

2o25
3340

343.5

204.1

o.4o4
0.712

0.2285
0. 536

0.0309

O. ii{]05

11.2

8.36

16.7

7.22
0.009

0.01o
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TABLE II.- CERTAIN GEOMETRIC PROPERTIES OF iXTER:_AL TANK

(a) Tank ordinates•

Distance from
nose of tank

(in.)

0

1.09
2.03
3.41
4.54
5.88
8.58
9.875

18.33

_o .47
23.77

27.18

3o .3

r

(ft)

0

.o658

.1016

.1358
•_542
•1684
.175o
•177o

•177o
.1716

•1275

.0642
0

(b) Volumetric properties.

Tank center

of gravity

(per cent

chord)

3O

40
5o
60

eT

(ft)

o.o1584
.1158
.2160

.3160

VT

(ft)3

o.o5415 × Tr

1
0.01662 x w

.OlF7O

.01586

.o1714
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In the table yielded frequency ratlos cre_ter than one for

the model fluttered without fuel over a range of fore and

aft center-of-gravity positions of the pylon-tsnk assembly

from 30 to 60 per cent of the wing chord aft of the wing

leading edge.

The model was fluttered in alr at atmospheric oressure

with fuel loads sl:nulated by water and _y solid weights.

The solid weights were mounted inside the tank.

EFFECTIVE I)_RTIAL PROPERTIES OF THE FUEL-LOADED _'0D.EL

The apparatus was equipped wlth restraints so that

the model could be exclted, or vibrated, In one degree of

freedom independent of the other. Thls was an Important

feature because It permitted the measurement of uncoupled

frequencies In either pure transl_tlon or pure pitch.

These frequencies w_re obtained by Instantaneously

releasing the model from initial amplitudes. The resulting

responses were iolcked up by resistance wire strain gages

mounted on the bending and torslonsl springs as Indlceted in

Figure 2. The straln-gage signals felt by these responses

were fed through a system of electrical brldge s _nd

ampllflers into a recording o_cillograph In which the slgnsls

were traced on photographic paper. The paths of the strain-

gage slaznals varied s!nusoldDlly with the length of paper
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(correspond_in_ to increasin_ t_me), and the _'requencies were

determined by countln_ the number of sinusoidc_l cycles for a

particular time interva].

The frequencies measured in this r:anner were used to

determine the amount of fluid effective as mass an£ m_ss

moment of inertia durln_ flutter by ap; licat]on of

essentially the same technique as that used in previous

experimental investi_atlons of these propertles.20 In order

to determine the best approximations to effective values of

mass and moment of inertia at flutter for the model con-

tainin_ fluid, the frequencies read on the zero-alrspeed

vibration records covered the same range of amplitudes

encountered durin_ _].utter.

Within re_din_ accuracy these frequencies remaineC

very nearly constant over the ti_'_e interval and corr_ spondin_

amplitude range chosen in each case. This frequency

inv8rlance should not, however, be re,arded as bein_ _en-

erslly characteristic of vlbratin_ configurations containin_

fluid free to slosh or splash. Inc_eed, for one of the models

used in the e_:perlments of Merten and Stephanson, 21 there

2O

Merten nnd Stephanson, Widmsyer ahc! Reese, and
Reese and Sewall, o_. clt., chapter II.

21

Ibld.

L
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existed an ap_recl[,i_le cycle-by-cycle frequency v_r'_tlon

througbcut the t_me history of osci]letions in bending

(eq_Jivslent to vertlcsl translation) for each test _,_ith _,

si_v_le cylindrically shaped tank partly full. Althouzh it

is not resdiiy apparent ^by this behavior was not encountered

in the experiments reported _n this thesis, a possible

explan_,tion is that due to the cone-shaped ends of the

external tank, the fluid may tend to follow the vertic_l

motion of the tank, whereas in the cyi[ndrlcally shape:d t_nk

the fl,lid is free to move a!on _ the str_ht vertic _I end

bound_Jries independently of the motion of the t_n;z. F_rther

studies would, of course, be required to determine _vhether

or not this reasoning= is valid.

It is intended by repeated reference to effective

velues to e_- '..........s=ze the fact that the mass and moment of

inertia of _n oscillating tank contaln_n,s'_ f]uid _re different

from the mass and moment of inertia "of the tank cont_:_Inin[_

the s_me volume of fluid at rest, cr in s solid condit[on.

Indeed it has been shown 22 that effective values of these

<orooertles are sener_]l_ less th_n the correspo_,d_ng

" as cne mi_,ht intuitively expect them to be."solid values, _

22

Ibid.
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The center-of-jravlty variation with ta_k fullness is

shown in F_ure 3. This variation is based on experimental

values obtained for the extremes of tank fullness rcpresented

by the sy_nbols, and the str_i_zht line connecttn C the s_mbols

Indic_tes that lineer Interpolation was employed to obtain

centers of gravity for intermediate fullnesses.

Figure 4 shows the variation of effective mass and

Figure 5 the variation of effective mass moment of inertia

with tank fullness. The data in both Fibres have been

referred to the mass and moment of inertia of the tank-
.....

empty condltio]_i f0r the model. Numerical values beside the

points on the dotted curves and lines give the amount of

fluid effective as mass and moment of inertia durln_ tr_ns-

latory and pltchtng oscillations, respectively. Yn obtaln_ng

the data in Pigure 4 the variation of the measured transla-

tional frequency with mass was first established for several

different sol_d weights mounted inside the e_pty tank. The

effective mass of the model containing a given amount of

fluid is then the empty mass plus the eq,_Ivalent solid mass

corresponding to the trsnslatlonal frequency _asured for

that fluid load.

The method of determining the effective reorients of

inertia presented in Y'igure 5 is similar to that used for

determining the effective masses presented in Figure _.
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The solid weights mounted inside tke e=_:_ty t___nk_;ere

des!jned to the solld morn.eats of inertia of the fuel for

tank ful]nesses up to IO0 per cent, snd the variation of

measured pitching frequency with these solid '•ne_ tlas was

est,qblished. The effective moment of inertia of the _odel

contslnln_ a oiven mount of f],_Id wss then found b_,

adding the model-empty moment of Inert[_ to the equ_v_]ent

solid moment of inerti_ corresponding to the ,measured

Pitehinc frequency <or that fld_d load, Values on the

solid c_n-ve in Figure 5 were ca]c _]_ted by numer[c_lly

integrating the momen_ of inertia of the fluid ove_, the

spsce bounded by the Internsl tank length, the free surface,

sad the _nternal tank contours for sli fullnesses.

YETFODS OF '_._EASrRINC DA_,'PI};O OF ._,_'CDEL

The damping of the model '_ith and _i<hout fluid _n

the tank was messured by two different methods. One of

these was the so-called "decrement" method _hich was _sed

to messure the damping of the model-empty snd model-full

conditions, snd the other ,._as the frequency-response method

which was used to men,sure the damping for ,_iI p_rti_]ly

full condltlons.



c:,c]_.s a.f osc_]l_,t'on nhqr,,,cta_.,_e v,b,r_.t'_ons r,ro:uced

by the !n.'_t_r.tr_ner, us r_:,]e_ise of _,:_ e].ast_c be.J[7 from an

that body by menns of the decre:rent method, In this laves-

tic_;t]on the ev,_lu_'_t]on ;'_'as based on the co:nr.enl7 used

viscous d_'_p_ng concept (_ ._., d_'_mo_n-,,- _, for_,e ,_._-oportion_i

to velocity) in which the envelope of the deca[.!ng _mplitudes

- _ yen oscilz_t:on leads to the simple expressz._n

n_ log -_ (i)

where gj is _ne structur_.l damping cecil]cleat in the

A0 •

j-th mode or decree of freedom and log _ is the n_tur;_l

lo6srithm, of the ratio of the initial amplitude A o to the

fln_l amplitude An after n cycles of osc_ll',t_on. Tb_is

expression usu_]ly kno._,_nas the ]ognrith,-_[c d<crement,

should be _.ppl[ed to oortions of the recorded resoonse for

._}:!ch the ve]ues of Ao to An f;_-_ll_n a str,_i2:ht llne

when olotted to a logarlthmic scale a//sinst cycle number.

Damping. based on the freq,_e_c,,--response ,_.et,-od*,_ is

do. ter;:'_ned b-j fore,'ng sn elastic body at a freqt_ency equal

to its nst,urt_l frequency. Using the equst[on of a slncle-
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• l.,. Rosenbau._,25 :':ave s_:::','_n th::_g

_ 2

c - 1 _OR

_'_here y ls the ratio of the viscous damping coefficlent

for the oscillatory case to the crlt!c_] viscous d_.,._plns

coefficient, or the coefficient correspon_2n_ to the condi-

tion ;_'h]ch sef:_:rates osc_l!_!_Ory _::ot!on from nonoscill_,tory

motion. The quantity R _.s the ratlo of the :_eak response

(or a_ollturle) of the sys_ -
• - _,,, at reso._ancc (l,e., _hen the

forclnc frequenc.y equsls the .n_,tur_l frequency) go the

response for a forcln_ f_'equency less th.'-_nthe reson-,nt

frequency. T_e term A_0 is the freq_ency dlffez'ence _hlc_,

on a plot of response _gslnst frequency, _Ives the aplmox [-

mate width of the response peak _n the vlcln_tv of reson._,nt

frequency _R' Znkin_ use of the relations _ _ _oI = A__

and y = 2gj, _lso derived by these _rlters,2,!$ equst!on (2)

may be written ss follows:

Robert F. Sc,_nlsn nnd f{obert f{osen".,..4um, Int:_od_c_

tlon to the St_dy of Aircraft Vibration and Flutter,
V_c_l'_,n Cc , i pl, chaunter ii!. --'_

Loc. c it.
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1 _R i
(3)

RR

where R = Ro , or the ratio of the dynamic response at

resonance to the static response for ml = O. For large

values of R this expression reduces to

~ I

gj =-
z "_ z"

i_̧ _iiAi!_i_)!i:i_: ;_ _;ii::_i__:

The damping coefficients for intermeGiate tank fullnesses

were determined from this relation.

(4)

r .-_ -fFLUTTP_R T=_TING T_CHNIQUE

The vibratory characteristics of the w£ng-tank

system in a moving airstream were studied in the Langley

2- by If-foot flutter research tunnel at atmospheric pres-

sure. The model was mounted horizontally in the test

section as shown in Figure 2. The prime object of these
e

tests was to find the flutter speed, as defined _n the

first chapter, for several tank fuel loads ranging from

empty to full.
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The flutter speed for each f_el load was determined from

the aerodynamic conditions _n tke tune,el. The frequency

at flutter is the same for both tr_nslation (bending) and

p_tch!ng (torsion) components of the oscillation and w_s

measured from the strain-gage traces on the osc_llograph

records. Because of the suddenness and _iolence with

which flutter is expected to occur, the crlttcal fl_tter

speed must be established and a_l the necessE, ry informatlon

recorded as _nstantly as possible. The airspeed is then

q_ickly reduced _n an effort to save the model from destruc-

tion and avert damage to the wind tunnel. This quick

action was imperative in the present investlg_t'on when-

ever the model was fluttered witho'at fluid but w_s unneces-

sary in the tests with fluid in the tank due to the unusucl

nature of the flutter response during these tests.

Flutter data were obtained with the center of gravity

of the pylon-tank assembly located in four different posi-

tions ranging from 30 to 60 per cent of the winj chord aft

of the wing leading edge. For all flutter tests with fluid

in the t_nk, this position was fixed st I$0 per cent of the

wing chord aft of the wing leading edge.

The flutter test procedure for each fuel loading

condition may be su_arlzed as follows:
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1. At zero airspeed the trensl_tlon and pitching

natur_l frequencies of the ;n._del were obtained by instanta-

neously relesslng it from __n]t!_] amplitudes as descrioed in

a previous sect!on.

2. Next the tunnel airspeed was increased steadily

until e flutter condition was attained. For this model it

'#as necessary tc disturb the model during this speed increase

bN frequently tapping or strlk!n S f.art of the apparatus o,_t-

side the sfrstream in order to ei_.m'_nate the influence of

frlctlon in the bearing (see Figure 2) on f];_tter. This

part of the procedure _,_ss necessary in order to obtain

re_eatable flutter speeds.

_. As soon as flutter was recognized, the tunnel

aerodynamic conditions needed to determine flutter speed

and air density were recorded and the ben]Ing and torsional

oscillations reproduced o_J the recording oscillograph.

_. _'_ibh the desired inf_rmatlon obtalned the tunnel

airspeed was quickly reduced in c:_ses of violent flutter.

For c_ses of mild flutter, in which the flutter E_mpl!tudes

were limited by f]_'_...... slo _h'_.,_ng-,!t was possible to inc-ease

the _,_Irspeed into the unstable region and repeat the

previous st@p. .
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_AKPLRIM=N[ AL R:_UL_ _

The experlmental results retorted herein suppler_ent

those reported by Reese2_ for the tank without baffles.

These results are listed in T_ble III. As previously note(l,

the dsmpln_ coefficients for all partially full condlticns

were determined from frequency-response curves obtaincd at

zero airspeed. The correspondln_ trnnsl_tlonal and pitchin_

flutter amplitudes are also l_sted in the Ta<le.

The flutter speeds _iven in the Table a:e shown,

referred to the tank-erupt flutter speed_ _n Figure 6 as

functions of the tank fullnes_. Values of the frequency

ratio _h are shown alon_slde the data points. The

si_niflcance of these values with re_ard to fluid dampin_

has been discussed previously 26 und is mentioned a_aln In s

subsequent section of the present paper. This stron_

frequcncy-ratlo effect on flutter speed is not only of

praetlc:l importance in real_stic confi_:ratlons but has

also been enc'ounte_ed in such confi_ur_tions, as, for

example, _n the case of the dynamic lly scaled wind-tip

tank _odel of Gayma_'s 27 Investi_atlon.

26

27

Reese, op. cir.

Ibld.

William H. Gayman, op. cit., chapter II.



39

The l!mltln C effect of fluid turbulence on flutter

amplitudes h_,s also been discussed previously28 and is

examined further in the present p_per. As Table III(a)

shows, the model fluttered over a wide speed range and a

correspondingly ]imite d amplitude ranE e for all p_rtlally

f_ll condltions. ._Totlce, however, th}_t the f l_tter ampll-

t{_des consistently increased with further increase of air-

speed for tank fullnesses ranging from 25 to 75 per cent

full, where_s, for gre,Jter fullnesses the am_lit_des tended

to reach a peak and there_fter con,<late: _,ly decreased _Ith

Incre_slng speed. This behavior may be seen more clearly in

Fi£ure 7 in which the tr_nslat!onsl _nd >Itch!n_i components

of the flutter amplitudes are shown ss functions of 81rspeed

for the _35, [_O, and 95 per cent full conditions. Vglues of

the damping coefficients gh and gg corres_oondlng to the

flutter _mplltudes are shown beside the data _)olnts. As

noted in Ta_ble Ill(a) (foot_ote b) with the tank 95 per cent

full, the model essenti_lly stopped fluttering when the

pitcbln_I s_plitude became 0 o and the tr_nsl_,tlonal _umplitude

was barely v/siDle. Thus, there appe_rs to be s closed or

bounded fl_tter reglon for this case. On the bas_s of thls

experience and of the pitchln_ _mplltude trends for the

other two fuel lo_ds, it w_:s _,oss!ble by e_trapol'_.,tlon

_8

Reese, o2 . clt.
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(Indlc_ted by the broken curve) to est_hllsh closed flutter

regions for these c_Jses also. The upper fllltter speed

boundary determined in this manner is sho'_n in P"Icure 6 in

ter:_s of the tank-empty flutter speed and cam be seen to be

anywhere from 62 to )7 per cent h_'_iher than the lower flutter

speed boundary.

In addltlon to the fuel lo_d studies, flutter tests

were also conducted for the empt_i exter_]al tank loc_ted at a

few other chordwlse center-of-Er_vlty positions. A dlf_'erent

set of bending anti torsional spr_nss _as used, and the fre-

q_ency r_tlos obtained were cre:_ter t}]nn one. The results

of these tests are c_iven in Table II_ _), and shown as a

function of x a in Figure .....6. The range of x a v_lues

corresponds to a range of tank e.g. positions from }0 to

60 per cent of the wing chord aft of the _'ing leading edge.

The damaging coefficients are Oased on logarithmic decrements

of the amplitude decays correspond::_g to the n_t,_ral fre-

que_,cies listed in the table, As was to be expected, the

range of forw_:rd center-of-gravity posit, ions _:t v4:Ich flutter

could be obtained was limited by the diversence speed bocndaryo



CHAPTZ,_ IV

A_[ALVTICAL ST_',n:;

The experlmenta] work reported in the preced_n,f chs;)ter

was followed by an anaip_tlcal study which w_s undertakes for

the purpose of determln!ng how closel7 the exper_memt,_l fl_ t-

ter speeds snd flutter frequencies of the slmp]Ifled win-0-tank

configuration could be repro_Juced by a_,llcation of classical

bendlnc-torslon flutter tb.eor_. The chief feature of th_'s

appllcstion was the manner In whlc_, the dynamic oehsvior of

the fuel was accounted for. This was done by ,using effective

values to approx!mste the inertial properties of the f_el rln

a fluid condltlo_-) and by ]ntroduclnj combir, ed struct_r_l

and fluid da_pln(q accord'_, ,.to a corrz only used assum!_t'o,:

The ]nethod of flutter analys_s used was the so-called

_aylei_h-Ritz method _'n w_c _ t_e _:_L,_IT/coupled flutter

motion is represe_ted b]/ s comb'n_tlcn cf series expar,.s'ons

involvln,:' de_reos of free,d_ ,ulve_ b:' the natural modes of

vibr,_t!o:.: _ berdi_ sn_ _....... o_s]o,,. _,e acrod_'_-,a-:_Icforc,,s

and mcmemts ass ..... ed to _,e ac_'r,_f o' the ::.odel at, flutter

wsre o,_ta]ned by s]moly adJ_n(, the forces and :._oments derived

for the wing o_ the bns[s o[_ t'_o-dlmenslonal incompressible

flow theory to those derived for the e._<ternsl tank b_: appl]
j

catlon of' slender-body t_eor'j. The method arid application

of the fl_tter analys_s together wit, the results of fl_tter

43
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calcul_t_ons are ir{sentr_ _ _nd discus<_ed 'n this chapter.

I_.oort'.ut :qet__,ils :'f the .'.<ualvs[_ arc .-]yen in _n .'=;ppo_idlx,

As orevloasly noted, the flutter m<,tlo.u (or flutter

mode _<s it ;_il]_ be termed :_.ereafter) _.% _ppr'oxim._te:J by a

combination of tile n:,t'_r_i :od._s of v]:r_,tion !n bending

_-,n.dtorsion. "_J]tL the. use of _e:_er.,llzed eoord]n_tes this

o,,._n;,t!on rosy be written _9 fo]]ows for the bendin C and

torsional] components of the fb_tter .-..odeat, a pc_rt',eul_r

span,_'se posit!on y:

f

h(y,t) : _ hj(t)_j(y)
]:1

(5)

and

\
_(y,t) :___ _j(t)_ (y)

j:l J
(6)

v}_ere hj(t) _nd aj(t) are gene:'aii::ed coorJlm, t<s of the

j-th mode ond exfres_, resne.-_!vely, the vertlc_l displace-

ment of a point on the tots' l or _on ax. . .und theon._: rot:_[," Is2q

. _r dis;_l,_ce.ment or rot,__tio_ 'bout tb_..t _,xlr, The

functions _j(y) and _j'y) -{r,_:nodal functfons which must

be .<:_lt]-l/_-,_ by the corresgoni_u,: generul'zed coordinates

29

This Is mere often rnf_re_ to _.s the elestlc axls._-_ -_

if i
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In order to loc,_te t'_Ic Inst_ntanools _ositlon of y in

space. Per a .:-Iven el_stlc st_,uctur-: t_ie d]strlout:ons of

these funct:cns alert:S the span lye the d!stcmtion or s._pe

of tb_ .utructure in the j-th mode.

As is Indic_t, ed in Figure 2 fo_ thc model used in

t._[s [nvestlg_t'_cn, the v_n S w_,s stlff enough In the span-

wiseSO dlrect'on to be considered rldld or un,_eform_ble in

theft d!reccion. Hence, _j(y) and _j(y) could be e:_ch

.... - _ for. all p _, [ctaken equal to unlt F. _,:o_,_ov_, r, _t "_I parpos<s

the bend!ng _n3 torsional springs each behaved as sincle-

de_,,ree-of-freedom systems so th:_t j_ 'n the feredo[ng

_' _,,er,ns _ne. _Jith these sl:;]pilf_-

cations the flutter' mode was re:)resented by

h(y,t) : hi(t ) ,_÷h I (5 a)

a{},t) =  l(t) _= (iI (6a)

Io
The aporo':_ch to chord,_-Ise rigidity's _", '_ or le

Imoi!ed in th< desla_nat_on of as a funcLion only of the
s;:,anwise directlon.

51

?_ith respe._t to the bending straps shown in

Figure 2, thls st_toment m_ay not be strictly correct since
these straps ,'_recantilew_r bea:i_s for wYlch an infinite num-

ber of v" ?;r:,t ',on :,_od_s exist _'o_'_ver It ;_:_s felt that the

frequencies of modes ] igher th_n the first were so far beyond

the range of ex_erlmental flutter fre_uenclos as to have _t, c,

negli_glble effect if Incl_ded in the flutter calculntlons.



The equ_'.tlons of motion of the model at flutter were obt_Ined

for these two coordinates from L_grange's equations as is

shown in the _ppendix.

The generalized forces and moments are given by the

oscillatory aerodF-namic forces and moments assigned to be

acting on the system at flutter. Because the wing was

untapered in the spanwise direction, the aerodynamic forces

and moments acting on the wing could be more truly rel)roduced

by use of the two-dlmensional incompressible flow coeffi-

cients derived in terms of Bessel functions by Theodorser_. 32

Oscil]sting aerod3_qamlc forces ._nd moments acting on the

external tank were taken into account by ap[)licatio_1 of

slender-body theory to obtain expressions from which aerody-

namlc coefficients for the tank were derived as shown in the

appendix. The term "slender-bod_ _" identifies a basic assump-

tion used in the derivation of hhese tank forces and moments,

nsmely, theft the cross flow, or flow between and p_,r_llel to

32
See Theodore Theodorsem General Theo_o_ of Aerody-

namic Instability and Mechanism of _r_-[-$-_,_ R_.p--r_-m----
19}5.
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plnnes normal to the _Irstream, is considered two .ilmen-

s!om_l.33 The aerodynamic coefficients for the wing were

simply added to the aerodynamic coefficients for the external

t_nk to obtain the aerod_mo:nlc coefficients for the complete

configuration.

From solutions of the equations of motion for the

condition of simple harmonic motion is obtained the determi-

n_ntal stabil_ty equ_tlon which leads to the anal_-ticul

flutter speed snd flutter frequency, as is also shown in the

appendix. This stability equation yields a polynomi_.l in

1 with complex coefficients, _ being the frequency. The

aerodFnnamic terms included in these coefficients are computed

1 V

for a psrticulsr v_:lue of the redfaced w_ve lendth k b_"

1 which are in general complex,
Accordir, gly, the roots _-_,

correspond to a p_rtlcular value of 1 If the flutter
k

frequency is required to be a real and positive quantity,

then the stability equation may be separated into two

33
This nssumptlon is basic to the impulse-momentum

method, due to _!unk, for determinin C aerodynamic forces and

_oments _cting on n slender bod_ (th_.t is, a body __n_v_'nga
high fineness ratio). This method is dependent on the con-

cept of impulsive pressure for determining the force imparted

to fluid surrounding a body due to a momentar 5, acceleration
of the body in the direction of the force. These matters

sre reviewed at length b_ Bisplin_hoff, Ashley, and Halfman
in chapters 5(PP. 200-204) gnd 7(PP. )_I_,-420) of Aero-

elasticity, Addlson-Wesley _bllshlng Compe.n_, Inc., 1}55.
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distinct equations, one real and one Imagi_ary. The value

1 1

of _ which results in a real and positive value of

that satisfies both real and im_Jginsry equations determines

the flutter speed and flutter frequency. As may be evident,

this is inherently a trlal-and-error procedure, usually

requiring several choices of 1
_, for each of which the aero-

dynamic terms are computed and the corresponding stability

equation obtained.]4 Since the roots of the stability

equation are complex, an alternative and widely used approach

to the solution involves the introduction of an additional

unknown which may be chosen from among the various parameters

appearing in the equilibrium equations of motion.

In the present application of flutter theory the

flutter frequency parameter

w2

retical dsmplng coefficient

_ 1

e_ch

g

Solutions for

and v_lues of _ _nd

was combined with a theo-

to form the complex quantity

were thus formed for

g were determined. In this

34
Details of this method of solution for flutter are

given by Theodore Theodorsen and !. E. Garrick in _4_chanlsm

of Flutter, A Theoretical and Experimental Investl__{itlon_moi-
t-_e Flutt'_r _roble__m, _ACA Rept. No. 6_5, _9_-O.
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procedure, adv_:nced by Smiig _md /_asserman,35 the assumption

is made in determinant ele:_ents along the principal diagonal

that gh = ga = g, where for speeds below flutter g is

negative and may be interpreted as indicative of the amount

of neg_tive damping energy required to ca_ fluttc_ _ -_t _ _ r-

t_c,_lar speed (or at n p_rticular _). Conslstent _ith this

viewpoint, a flutter condition is obtained when g = O, and

the oscill_tlons _re self-maintslned st constant ampllt_de,

corresoonding to a borderline condition of neutral stability.

_or values of _l gre_ter than this crltlc_l .oolnt, the sign

of g changes from neg_tlve to positive, proceedin_ into a

region of divergent or undamped oscillations for a condition

_herein the energy of such oscillations is cspsble of c_uslng

structural distortion or f_llure. The manner in _hlch g

changes with airspeed, or an airspeed par._meter such as

V

10wa , m_y be seen more cle_rlj in Figure O for some of the

flutter calculations performed in this study. Attention is

directed to the solid curves, and, with the excelption of

Figure C(_ _), only the portions of the curves in the vicinity

of a flutter solution (i.e., at intersections _'ith g = 0)

_re shown.

}5 Benjamin S_ilg _nd Lee S. /_asserman, _]ic_tlon of

Three-,_l_.en_ional Flutter Theory to Aircraft Structures,

T'_c_ Vaterlel Div , Army Air Ccras , ., .AFTR L_(, , . _ . July q IS42
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The dynsmic behavior of the fuel was represented in

the flutter calculations by means of effective volues of m_ss

and mass moment of inertia given in Figures _ and 5 and the

mersurcd damping coefficients given in Table III. The

validity of using effective values for the inertial properties

has been established experimentally in previously referenced

work36 in which flutter speeds of the model containing fluid

were generally duplicated when the fluid was replaced by

solid weights equivalent to the fluid in effective mass and

mass moment of inertia.

Solution of the stability equation by means of the

dual unknown approach including dampin C involves one more

concept that is also widely used. This concept regards the

measured structural damping coefficients as zero airspeed as

Indicative of the ability of a given configuration, through

its inherent damping energy, to change the flutter speed from

that corresponding to g = 0. In this sense the measured

gh or ga is considered as positive and as providing a

flutter speed margin whose breadth depends both on the trend

of the theoretical g value with flutter speed and also on

the magnitude of gh or ga. The effect of appl_ing this

assumption to the configuration used in this investigation

36
Reese, op. clt.
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may be seen more cleverly in Figure 9 which is discussed

further in the next chapter. It should also be emfh_slzed -

in c_se it is not alrecdy obvious to the reader - that the

value of gh or ga for all fuel lo_dlns conditions, with

the exception of the tank-empty condition, is a measure of

not only structural dsm_Ing but fluid damaging ss well.

ANALYT YC AL RESULTS

Flutter. The results of the analytic_l program are

listed in Table IV in the same order as the experimental

results listed in Table iYI. Since the tank was e×tern_.l]y

mounted, particular attentlo_ was directed to the effect of

_nc]ud_ng oscill_'_t_ng aerodynamic forces _nd moments actln_

on the tank. The effect of damaging is considered _n the next

chapter. Vor the fuel-loaded tank fixed _t ,0 per cent of

the wing chord aft of the Wing leadlng edge, linear super-

I

position of the two-dlmensional wing forces and the slender-

body tank forces, according to the preceding section, reduced

the flutter speed by 7 to ll per cent. For the tank-empty

confi_urstion this reduction w_s increased from 7 per cent

Wh
for a frequency ratio _ of 0.67 to lO per cent for a

frequency r_tio of 1.13. When the empty tank was moved rear-

ward to 60 per cent of the wing chord aft of the wing leading

edge (see T_ble III(b), the inclusion of the tank forces
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resulted in a reversed effect; that is, the flutter speed

was increased by I0 per cent for nearly the same frequency

ratio (see also Figure _).

Divergence. As a matter of passing interest, stimu-

l_ted by the fact that the model without fuel encountered

diverjence, rather than flutter, with the tank c. S. at

30 per cent of the wing chord _ft of the wing le_din S edge,

the effect of tank aerodynamic forces on the divergence speed

was examined using the _ivergence speed equation given in the

appendix. Recalling the force triangle shown in the intro-

duction, notice the position dlver_ence occupies outside the

triangle between the aerodyna_nlc _nd elastic forces. The

Implic_tlon is that this pheno_enon is a static inst_lllty

which is indeed the c_se. Specifically, static aeroel_stlc

divergence of a lifting surface is an unstable condition in

which the aerodynamic and elestlc forces interact to glve

static deflections or displacements which are large enou_h _

to cause distortion or failure of the structure of the

lifting surface. When the inertial terms are omitted from

both the mechanical and serodynamlc p_rts of the equilibrium

equations of motion for flutter, the unknown in the stability

equ_tlon becomes a function only of velocity {V), _nd the

solution of the reduced equation yields the velocity at which

the surface will diverge, commonly known as the diverjenoe

speed.
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Al_b_,u,._b_. _ In "_n_-],.,..., bot]i ben3[n S _-:n< to_s_o_,l__ . .i!.s-

nl_cements rr_st be ccns_der,_..l, t},.< tj..,e of dlver£c-nce

enco.1_,te.red here is known _s tors-:,on::l d[ve_',,zence. .<.Ince,

os :-ns been previo_sly noted, the chordw]se sectlons of

both wing anl tank are _ons[._ere-_ r_ _4, ,._,,.:_onlj the

tors:on:_l Jiscla _m..,t,, (eq_tvalen*, to t]:e .v"tch oriole._ o__

_'x;le:] are, of qo_J_se _'de -]t[c :l _n th[s [nves-

• ,,:_,.'.on ) [nvo!ved. Conseq'_ent] ss "_l_st,'_:te] in the

rest_.'_tn[: ._ttc_t '- _, equ,.,_e' _nv_] ' _ a (a [n

....,....) 57

Ros_It._; of the d!ver£encc s?,eed calculations are

oresent,'d in T_,ble IV(U) <_,lon<slle _':_ _.,, _,_< _ I ,t '.,e_"s )eeds end

are also sho,_n in Fidme <_, As'c_in be seen, the c_:ic ,l_ted

liverlcnce s?eeds obto,[ned by lncl_d[n C t{_nk forces are

aaf.DroxL_<_tel[: i0 per cent io_er th_n those obt,-_n..d oy

,,e_,l....t' - t_nk f_ .i_1<, oroe S

V. ri_

Consider:_ble work on diver;'cnce hns been .done by

Franklin ,'.;. D[._'_,_"ic',u of the ""'_".... :,;a,,a I.:,ngle_ Laborator-:, <,:_d

for f._rther {nfor._at'on t,be reader is referre! to an U of k]s

p:.,pers on Li_'.3 __.._.,,-,jec*_, _._,,,o go_ ,_ ex '_ D'ver--r.nce. . of D_ltu.,

:_nd S',_e2t Surf_ees __in _the Tr::nsonic _nd Supersonic S[_e_ed
Rnn_es, ...._,_'_ b.q-:-:P,J psper p,_i_llshed A:_rli l_St,



CHAPT_<R V

CORRELATIO}J OF T[<ORY A_Tn EXPER _ _

This chapter brings together the results of the

experlment_l and theoretical parts of t}_Is Investic:,tlon as

presented in e_,ch of the two crece _Ing chnpters. In m_,klng

the comparisons attention is dlr,_cted to Figures 6, $, and 9.

GE_RAL DISC 7SST 0_.]

As cs_n be seen in the figures just referred to, the

use of effective velues of mass and mass m,_ment of inertia

In the flutter ca!culat[ons gave ans,_ers ,_,_hlchagreed satis-

factorily ',,.'lthexperiment for nearly ._ll fuel conditions.

This result has also been obtained exoerimentally for th_s

model in previously referenced studies 35 which show excellent

agreement between the flutter speeds of the model _Ith florid

and the flutter speeds of the model _Ith solid weights equiva-

lent to the fluid in effective mnss and effective mass moment

of inertia.

Neglect of aerodynamic forces ...n.4moments acting on

the external t_nk led to c_Iculated flutter speeds that were

• . . hi_'her thanss much as Ii _.er cent unconservatlve (i e , ..

experimental flutter speeds) for the fuel-lorJded confIEurat'on

Ree_e, _. cir.
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(see Figure 6 for the tank 25 per cent full). With tank

forces ]nc]ude_, the c_Ic_]_t]ons beceme gener_lly conserva-

tive (i.e., csic_;]ated flutter soeeds less t}_an experlment_l

flutter speeds). As can be seen, theory sppears to follow

closely the experlment_l trend up to the g5 y,er cent full

con]ition, for wh[c}_ the c_lc_l'._t,-.d flutter speed was infinite

whereas the experimentsl flutte2 speed _as not.

Calculated flutter speeds were slso conservative for

the model in the empty condition with the tank center of

gr_vity lock,ted at vsrlous c}_or<]wlse pos!tlons r_,ngln_] from

30 per cent to 60 F,er cent of the wln_ chord _Jft of the wing

le_Jdlng edge. As Pi_ore $ shows, the dlfferences between

calc_l_,fie(] snd experlmect_l fl_tte_ _ speeds _,mounted to ss

m_ch ss 2! per cent. F_rther_ore, theory including tank

aerodynsmlc forces ex_Ib_ts _ somewhat more couslstent

tendency to I)_ra]]el experlc_ent thsn does t_eory ne _lecting

t _n',."forces.

It c,_n _lso be ncte_ in Flg_re _ t}J_t _nclus!on of tank

forces resulte_ in a calc_]]ated ,J_vergence s_eed w__ch _greed

well w_th the experimental divergence spe-d for the tank at

50 F,er cent of the wln_ chord _ft of the win d le_d_ng e;_dle,

but was 6 per cent less than the ex_erlment_,l fl_tter speed

when the t_nk wss at _40 per cent of the wlng chord aft of the

wlng le_ding edge.
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As noted in the previous chapter, tho introduction of

Jamping into flutter calculations by setting g equal to

the e×peri,1_ental v_lues gh or ga may be assumed to pro-

vide a flutter speed margin w?_osebreadth dep6nds on the

trend of the theoretical g value and the magnitude of gh

or ga" However, as may be obvious to the re_der, this

assumption is valid only if the c alcul:_ted fl_tter speed

corresponding to the larger v_lae of gh or ga does not

exceed the E_ctual or e::perlmental flutter speed. In many

apolications of flutter theory with damping accounted for in

this mariner the c_lculated flutter speeds are still conserva-

tive, but there _re c_ses where use of this asstumption leads

to unconservative answers. Needless to say, this is an

undesirable situation not 0nly for the airplane manufacturer

but also for the airplane pilot. It is Just such a predica-

ment that exists for the conficur_ition studied in this

present investig_ tlon.

Figure 9 shows g as a function of flutter speed

coefficient _ for all the t_nk fullnesses tested. As
b_ a

previously noted, the solid curves define theoretical border-

line conditions between st_ble _nd unst_,ble motion over a

limited ran:,_e of g in the vicinity of the theoretical

solution. Consistent with the sssumption regarding dam_:Ing,



the e_perimental f]utter results from Tr,ble Ill(a) are
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positioned in _'Ic_e 9 _'_ccordln_; to experimental vsl_es of

gh _:nd _a" The eclats identified b_" the open circles

reoresent speeds st which the borderline conditions bet_een

st;7_le and unstable motion were first encountered experl-

mentally. The solid circles repr-sent experimental flutter

speeds withln the unstable region for _ii p_rtially full

conditions In which the flutter smplltu_es were l_mlted by

fluid turbulence, as has already been dlscJssed. The theo-

ret!c_,l solutions _t g = 0 correspond to the calcul_ted

flutter speed ret'_os presented in I_igure 6 with t_mk acro-

dyn_mlc forces end moments included.

It Is i_portant to note that the effect of d_oin S

appears to be more pronounced at the higher fuel lo_ds, as

is Indlc_ted by the consistent decrease in the slope of the

theoretlc_l curve. Thls }_ehavlor is attributed prlmarll_, to

the fact that the frequency ratio passed throu[:h 1 _s the

t_nk fullness appro-_ched lO0 per cent. The broken llne

shown in figure 9(E_) r_presents the stcble condition (i.e.,

no flutter) shown in _isure 7 for a torslon_l component of

the flutter amplitudes equal to 0°.

Thls sensitivity of theory to small amounts of d_i In S

w'_s _iso typical of the cases of the empty-t_nk confl£uration

tested with the tank in _Ifferent chordwlse positions.
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Inclusion of dam,_Inc accordins to the assumption g = 5]%,

which was less than ga, resulted in flutter speeds their

were unconserv_tive by as much as 78 per cent with the tank

center of gravity _t _0 per cent of the wing chord aft of

the win{_ leadin C edce.

h



CHAriTY9._,, VI

CL,'"_L eTONS

• ,_ studles ,:ere made for a t:;o-Au_lyt._c,,.1 fiutter

i]mens._.on i fuel-lea.fled ,,,in_: mnde], ;:rid the results .-,re

co_::)_red with experlment__:l results for bendLnc-to-torsLon

frequency ratios near I. ";ater, sL._laDing fuel, ','-,s

csrrLeJ e>:ternal]y i.n a :_eomotricallL, scale._ st_:nd ",I

pl,'_ne f_;el t_mk that _'as py±on-mounL_d a d_st_nce of a,:out

' _' d _ene_: d: the ,_,Lnt,vo anti ome-h_lf t,.me_ the t_-_,x r_, ius ._.

_, stJ.;dat spoe to ' tiI_ the±he res'_..lts of tl:e _nve ' [on , ar ]us -

follow_n C cencl,._:s'.ons for this confiL:ur_'_t'on:

l. The conet_Jsion of ;rev[ousl,y referenced e:<peri-

_ent_] st, t;d_es39 con_.ectefl ,_,Jth the :_,_esent lnvestigat'on

is herein re_ff/ro_efi ,_na]"'_'_-_'_ ns,_el', t]mt effective

vs!_:es cf :nsss nnd :_sss _.-,:._ent of _nerti_ s?_,_;uid be _e_ in

flutter c_,]cul_,t_ons of fue]-lo.'_ed ?_'lngs.

m_Jne_ acti'-_g on the e. ternt] te:.nk.-serodynsmic forces snd ..... ,-

_t fit:tter tended to i:r.:,rove the a,-]reement i_et',;een fl _tter

theory end ex;_e .Iment .

39

Reese, o_. c. it.



64

]. Art ltrar_ly assum_n_ the dsmp_n_ coeffle_ent at

flutter to be e_ther _h or _a _zve c s!cr,l_tec _,flutter

spee,,_s th}:,,*,;ere unconservat_ve (or hi_her than exper_riental

flutter speec!s) by wd<ie mar_ns.
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FLUTTER AND _Iv=_t_,=,,C,_ L_UATICNS FOR

[._-D].X-_-'_ION,-L _<tNq CONFI_URATJ[ON

INCLUDING ,IN EXTERNAL FUEL TANK

The nnalyticsl results presented in the ma_n body of

this paper wore obtained by use of th,_ equations <_erive_ in

this a_:,_.enc_y As oreviously notec, _-_ R;_';le_,,-.,_tz met.hod

of' .-_r_:_]Fs]s _.,as e:n;:Ioyed, and the aerodyn_.rdlc l'orces and

r]C_l._.[lts _/e] _, , t3r, - _ _, _-,- " "
a _ro.<_,,,_,.=c oy a linear s_;perpos'tion of twc-

dimc,n:_'onal theory for the win[ a_d slender-body theory for

I.h_. <:_,_:ern;,lt_nk. The £1u'tte#. equ_t_ons are developed i'Irst

anti are ;'cl]ow<d by the derivation of the civergence speed

equatic:n,

As ncte_] in Chapter IV, the equi_]_,!um equ t'on of

v,.ot.__or of the _-" '
,,_cc_. at fluff.e:- _'or each '_gree cf freedor_ IsK¢

_iv_u. 1,,..L_:grange's equ._tic.n which r,qy be written in the form

,it _)q iqj _'j

(7)

where L is the Legrangisn which is the _ifference between

the k_netlc ant! potent!al energles cf the syste.--), qj is the

generalized coerdfnate for th( J-th degree of freedom, and

qj is the generalized force correspond!n_ to the j-th de_ree

7O
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of freedom. The dot over qj in this and subsequent equa-

tions represents the der_va[ive with resFect to time.

FLUTTER

Eerlvation of the La_ran_lan. As noted in chapter IV,

the two-dimenslonal ch_racteristlcs of the model and appa-

ratus, as illustrated in Figure 2, reduced the flutter node

representation to a very simple form r,iven by the natv.ral

vibration modes h I and e I which are, respectively, riFid

vertical translation (equivalent to .Lending) and r _d

sn_ul_r rotation or pitch (equivalent tc tors_on).J_0

Assuming small values of h I and a] consistent w:It},

the concept of linear theory and considerin_ h I as positive

down and a I as positive for leadin_ edFe up, the insta_1-

taneous position of the model is shown in the following

sketch:

_ Model at rest
+h I

I

Airstre_ Ih + bx sin a _-
• i _A_a . I I a 1 - hl

/ r,] -
+a] -_ ...._ ,_ / I for small a 1

........ "_k_'7.'=_ _-_,_ - 1

Elastic axls/_

/ <- Center c'f _-*ravlty

+ bxaa I

I_0 See equations (Sa) and (6a).
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where a_,a is the mass of the torsional sprln_s (see Fig-

ure 2) and N is the mass of' the rr,odel I.n pitch, that is

= / m dy + _T : ms + _T
pan

where the Integral aFplles to the w_n_, § IS the win_ span,

and mT is the mass of the external tank. For th_ mass

moment of inertia of the model about the center of _rav_ty,

- !o dy + IoT : IoS + loT
_o pan

where, similarly, the integral applies to the moment of

inertia of the wing about the center of _r_v!ty, and oT

the moment of inertia of the external tank about the center

of gravity.

Denoting the kinetic energy by T and the potential

energy by U,

Lm T - U= Im I + ")2± 1 (Area)h12 + 1 io _12bxaa_ + _
2 2

which, after expandin!_ and combining certain inertial terms,

becomes



7_

L = 1 m'_12 + _bXa_l_l + _I Ia_l 2 .

I i + i_hjkhhl2 + (1+ i_)k_12 (6_)

_ere _,, = _ + A_,,_,i,_ : _o + (b_,_)2_,, Fh is the trans-

lational damping coefficient, and ge is the pitchin_ damping

coefficient.

As noted in chapter IV, the value of _]_ or ga is

Considered as a measure of the combined structural and fluid

damping for all fuel loadings. If the fluid in the model is

regarded as having an effect on the structural dampin_ coef-

ficient, then it seems reasonable to apply the structural

damping conceptcommoniy-used in flutter theory to cases

involving fuel loads as well. _ile in the solution of

natural vibrati0n Pr0blems _ damping is usually introduced as

force proporti6:nal_-to the velocity-of the oscillations

(i.e., the frequency), the type of dampin_ Important ir_ clas-

sical flutter i_:_:2hnction of StY_n_:ss rather than fre-

quency.41 As pointed out by Scanlan and Rosenbaum, _$2 this

type of damping, known as elther structural dmmping or

structural friction, may be introduced into the flutter

41 For further discussion on this matter see Theodorsen

_d _Oarr_ck, _7 c_t7 ..............

42 Scanlan and Rosenbaum, op. cir.
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analysis either by deflnln_ dissipation functions, which

would ap_:ear In the generalized force Qj, or by pref_×Ing to

the stiffness terms the quantities I + Ig h for the bendin_

mode and 1 + Ig a for the torsional mode, as has been done

in equations (_) and (6a) above.

Derivation of th____egeneralized forces and mcments. The

generalized force Qj corres_ondlng to the generslized

coordinate qj is def!ne_ _ccor_ ing to the principle of

virtual work as Qj : 0W where bW is the virtual work done

Oqj

by the force moving through s virtual or _oss_ble dlspl_cement

6qj which is an inf!niteslmal (_Is_lacement that does not

violate the constraints of the system. According to this

prlnc_ple, if a given system is in equilibrium, the condition

that it remain in equili_riu_ under the action of various

forces, which can be inertial forces as well as static forces

_n accordance with D'Alembert's Prlnc_le, is that

\
OW : _ Qj_:,qj = 0

J

Applying this condition to the present wing-tank conf_ur,_t_o_,

5i-,' qh6h I + _ _ == . _a_a I 0 (9)
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where Qh and Qa are the external force and moment given

by, respectively, the aerodynamic forces and moments act_n_

on the win_ and external tank. The sum of the products of

Qh and Qa by the virtual displacements 6h I and Oal,

respectively, through which these quantities move, Rives the

virtual work which must be zero so as not to violate the

constraints of the system.

The unsteady aerodynm_]ic forces and moments actln_ on

the wing and external tank are shown _n the followin_ sketch

of the instantaneous position of the configuration:

Airstream

Ma,T

1
\

Model at rest

M a /_ Elastic axis

J _ External

PT tank

Thus, using equation (9),

where

6W _- > + PT and Qa = 6W _ _ + M (lO)
Qh = 6h I-- 6a I a a,T

P = 7 _ dY = Ps and Ma =J
Span Span

M a dy = Mas



in terms of the two-_imenslonal aerod)_am_c force

moment Ma

for P, Ma,

development.

P and

on each spanwise strip of the win_. Expressions

PT' and Ma, T are presented later on in this

General form of equilibrium equations. Employing h 1

coordinates in equation (7) leads toand generalized(I1
aS

the simultaneous equations

and

dt\ahl] % (Ta)

d--6-\8-_i] 8a I

Substitution of equations (8a) and (I0) in equations (Ta)

and (Tb) (after performance of the mathematical operations

indicated in equations (7a) and (7b)) results in the follow_n_

equilibrium equations of motion of the wlng-tank configura-

tion subjected to unsteady aerodynamic forces and moments:

(Ii)

(12)
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pitch.

77

Im_)oslng the concltion of simple hsrmonic motion, _;_ atten-

tion is restricted to solutions of these equations of the

= e i_t for
h I = h I o ei_t for translstion and a I al, o

J

Substitution of these expressions into equations (Ii)

and (12) results in

(lla)

for the _eneral form of the equilibrium equations at flutter.

At this point, it may be of interest to note that when

= PT : Ma : Ma T = O, these equations can be solved for two

values of _ which will be the ceup]_ _ flrequencles, both

involvln_ the h and a components of the system at zero

alrspeed.4_

Aerodynamic forces an____dmoments on the winf. nxpress[ons

for P and M a appearin_ in equation (i0) are those derived

by Theodorsen45 for two-dimensional, incompressible,

43 This assumption is consistent with oscillatory

type of motion implied in the borderline condition between

stable and unstable motion. See Theodorsen, op. ci____t.

44 This neFleets the effects of stationary (or

ambient) air surrounding the system at rest.

45 Theodorsen, op. clt.



potentisl flow. Omlttln£ conslderaticn of" the aileron,

these expressions may be written in terms of hI and

as follows:

78

al

(13)

__pb 2 b2 "Ma = - Vba I + + a a I - abh +

(12_)

where p is the mass-density of the airstream, b is the

wing half-chord, a is the dimensionless distance of the

elastic axis relative to the win E mld-chord, and F and G

identify the circulatory portions of the aerodyna_,ic forces

and moments. _6 A_aln, since the model is assumed to be

• __2hlosclllatln_ simusoldally, hl = i_hl' al = i_al' hl =

and al = -e2al' whence equations (lj) and (I_) may be

written in the form

46 F and G are _Iven in terms of Bessel functions

of the first and second kind and of zero and first order in

equations (XTI) and (XIII), ibid.



P = -_pb3_21_ Ach + alAca__
,:13a )

where

Ma =-_pb4o_2[_ Aah + alAae 1
(14a)

v 2__ + i 2_E
Ach = -I + i2(F + IG) -- = -I -

be k k

= __ + i2(P + ._,_) -
b_

-- a +
2F

k2
2Gk - a + i + _ + -=-_ _ -

l+aI ,
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k2 k

l . 2G 1 a)1

and ! .
k be

which is known as the reduced wave length. _7

AercdznammLq force__s an___ddmo__ments o__nthe external tank.

The oscillating aerodynamic forces and moments act!nF on the

external tank are essentially identical to those derived by

application of slender-body theory in a previous and somewhat

47 The expressions for Ach, Aca, Ash, Aaa are

identical to those _iven by Barmby, Cunn_n_ha_, and Ghrrick

in _ of Effects of Swee_ Cantilever _, NACA Rep.
No. lOl[_,--Tg.rl •
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related investigation. 48 As noted in chapter IV, this theory

is based on the assumption that the flow normal to the air-

stream is two-dimensional, and this assumption requires that

the external tank be long and slender (i.e., have a high

fineness ratio). From Tables I and II the ]en_th to maximum

diameter gives a fineness ratio of 7.13 which is high enough

for the external tank to be considered a slender body so that

49
the theory was applicable.

The application of slender-body theory begins with

the determination of the momentum, in a direction normal to

the alrstream, of the virtual, or apparent mass, which may be

defined as the mass of air displaced by a finite length of

the body accelerating in this direction. For a body of

revolution the apparent mass for an element dx of the body

is simply wpr2(x)dx. For the external tank of the present

48 S. A. Clevenson, k. Widmayer, Jr., and Franklin W.

Diederich, A__q___lorator_ Investigation of Some Tj[pes of

Aeroelastic Instabilit_ of O_aoen and Closed Bodies of Revolu-
tion Mounted on Slender Struts, NACA TN 7_0o, November 19%_

in the appendix for closed bodies of revolution. In this

derivation the length along the body is measured aft of the

nose of the body, whereas in the present paper the origin is

chosen at the quarter-chord of the win_, as is shown in this
section.

49 This statement is based on the work of H. Ashley,

G. Zartarian, and D. O. Ne[ison, namely, In__ves___ti_at_on of

Certain Unsteady Aerodynamic Effects in Lon_i%udinal D___amic

Stability, WADC AFaR 5986, December 19_I, in which the range

of fineness ratios for which slender-body theory is con-
sidered valid is discussed.



82

configuration, at any station x on the body the total normal

velocity is hI + VaI + (x - ea)a I in terms oi" the trans-

lational velocity of and the pltchin_ velocity about the wing

elastic axis, together with the free-stream component due the

pitching aisplncement aI. The orientation of these veloci-

ties is shown in the following sketch, the directions of tha

veloclties being considered positive as shown:
Wing quarter-chord x

v hl

Z

Win¢ el_stlc ax

axis

X - e a

. > Tank at rest

Denoting the momentum, per _mit lenyth, of flow

perpendlcular to the tank by Iz

Iz = _pr2(x)[hl + Val + (x- ea)al]
(15)

Accordln_ to Newton's second law of motion, the force per

unit length is equal to the time rate of chan;_e of the

momentum, and since Iz is a function of both x and time,



$3

where the negative siyn indicates that the air opposes the

acceleration of the tank in the positive directions _ndlcated

in the foregoin_ sketch. Substitution of equation (15) into

equation (16) results in

dI
Z

dt 2= -_pV I (x) + d r2V_ 1 _--- (x) +dX

- "_-_ (x) + alr2(x -
J

I •

dh 1
_Pr2(x) _ + Va I

d_

+ (x - ea)-_ (16a)

Imposin< the requirement of simple harmonic motion, as

before, and integrating over the length of the tank to

obtain, respectively, the total oscillatin_ aero4ynamic force

and moment about the elastic axis of the win_,

and

PT = dx = PVTe2h I PVT_2al\ a - + iank 4 t

(17)

M = dIz x - _a dx = eT - ea + i _ +
c,T Tank dt

P_ el T,a + k-_ VT
(]<7)
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where

VT :fT wr2(x)dx
ank

_ 1 /T wxr2(x)dxeT - _TT ank

IT, a ank
- ea) 2r2(x)dx

and the integrals

4 d r2 Jr2 )_ank d--x (x)dx = (x

Tank

= 0

ank (x - d r2(x)dx = I(ca) X m ea) r2(x) - r2(x)dx_

Tank

and

= - r2(x)dx

Tank

4ank _(x_ ea>2 _x r2:(xidx:_=_( x - ea)2r2(x) -

,2 (x- ea)r2(x)d_

Tank

=-2 /'
JTank (x-%)r2(x)dx

since the InteAra_ion covers the length of the t_nk.

"w

_ : :: _= : %__:,___:i:[':_z__,::.:i_9_:_ - o_<: ::_:_ . _____v_-:_:-::i _:'_::[:_ - ........... _c._.:.:.7_-
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Derivation o__ffth_ stability equations. If equa-

tions (13a), (l_a), (17), and (lo) are substituted into equa-

tions (lla) and (12a), and if Raylei_h type approximations

are introduced in terms of the uncoupled frequencies _iven

by 2 _ kh and 2 _ ka the equilibrium equations of
m m,

_hl m' _al I

motion of the wln_-tank configuration at flutter can be

obtained in the followin_ compact form after performance of

certain al_ebraic manipulations End introduction of certain

dimensionless parameters which will be defined shortly:

h 1
All _ + Blla I = 0 (llb)

h1

DII -_ + Ella I = 0 (12b)

where All , BII , DII , and Ell represent the aerodynamic,

inertial, and elastic forces interacting at flutter and where,

in addition, the unknown frequency and dampin_ coefficient

are contained in All and Ell. The condition that there

exist solutions for him and
b al, other than the trivial

h 1
solution

b al = O, is that the determinant of the coef-

h 1
ficients of

b and aI shall vanish. Thus, for each value

of !
k'
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ALIBI1

DIIEII

= 0 (19)

which leads to the flutter condition.

for the determinant elements are

Detailed expressions

X !

BII _ Aca + Aca T

DII- _ Aah + Aah T

Eli = (i - 2_) ra2 (_a I _ As_ +

where
_,_ (i + i_), the dimensionless parameters pre-

viously mentioned are _, = ___pb2_ , = _ _pb2s
XG)

m ! m
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_,b 2
and where the aerodynamic coefficients for the

external tank are riven by
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_ VT

AchT _b2s

AcaT = -AchT ea b eT + i

AahT = AchT b

s_T --- _b4_ A°_r k2

DIVERGENCE

As noted in chapter IV, torsional dlver_ence is

definedss astatic aeroelastic instability involvin_ only the

torsional (pitching in this case) dlsplscement of the elastic

body beln_ considered. In applying this definition to the

wln_-tank configuration studied in thls paper, h I and

are set equal to zero, whence F + iG approaches _nity as
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1
becomes infinite, 50 and the flutter equations developed

in the precedin_ section reduce to

ra2_al2 2_pV2s ( 1)- _ --- a + _
m f

pV2V_ = 0

_b2s
(20)

which, when solved for V, _ives the divergence speed

vv i2 + _ - Ach T

The divergence speeds presented in the main body of this

paper were calculated by means of this equatlon._ 1

(21).

50
Theodorsen, op, ci___!t., Figure h.

91 For the two-dlmens!onal wln_ alone, that Is

Ach T = O, this equation reduces to that _iven by Theodorsen

and Garrick, o__£. ci___tt.


